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On the gravitational waves coupled with electromagnetic waves
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A description is made of the process of excitation of coupled longitudinal-transverse gravitational
waves during the propagation of a strong electromagnetic wave in a vacuum and when a standing
electromagnetic wave exists in the Fabry-Perot resonator. It is shown that such waves lead to the
appearance of transverse gravitational waves in empty space. It was established that two standing
high-frequency electromagnetic waves in a Fabry-Perot resonator with close frequencies cause the
appearance of a low-frequency transverse gravitational wave in empty space.
I. INTRODUCTION
In the framework of predictions of the General Relativity [1], it is believed that weak gravitational waves in empty
space are transverse only [2–5]. It is precisely such gravitational waves that arose as a result of the black holes and
neutron stars merger that were discovered in the LIGO and Virgo experiments [6–9] by using the interference method
firstly proposed in [10]. It should also be noted that in the case of extended metric theories of gravity, gravitational
waves have six types of polarization, namely, two tensor, two vector and two scalar ones [11–15]. Vector and scalar
modes were not directly observed, nevertheless, the possibility of their observation determines the method of additional
experimental verification of the extensions of General Relativity. For verification of possible modifications of Einstein
gravity by detecting these additional modes of gravitational waves from astrophysical sources and in the study of
stochastic gravitational-wave background or confirming their absence in future experiments together with a further
analysis of already discovered tensor modes the interference method can be used as well [10, 16–19].
A lot of works have been devoted to studying the properties of transverse gravitational waves (tensor modes)
and the developing methods for their emission and registration (see, for example [20–22]; for a review, see [23–26]).
Moreover, in all these works, it is believed that for the case of a weak gravitational wave, only transverse waves with
two polarizations in the framework of GR can exist [27]. However, this statement is strictly proved only for the case
of the propagation of a gravitational wave in empty space [2–5].
Weak gravitational waves are considered based on the linearized Einstein gravity theory as small perturbations of
Minkowski space-time [2–5]
gµν = ηµν + hµν , |hµν | ≪ 1, (1)
where ηµν is the metric tensor of Minkowski space-time with nonzero components η00 = 1, η11 = η22 = η33 = −1 and
µ, ν = 0, 1, 2, 3.
In this case, the Einstein equations, taking into account the harmonic gauge, can be written as follows [2–5]
hµν = ∆hµν − 1
c2
∂2hµν
∂t2
=
16piG
c4
(
Tµν − 1
2
ηµνT
)
, (2)
where G is the gravitational constant, c is the velocity of light in vacuum and Tµν is the energy-momentum tensor.
For gravitational waves propagating in direction x1 = x, non-zero components of tensor hµν determine three possible
types [2]:
• h22, h23, h33 – transverse–transverse (TT ),
• h12, h13, h20, h30 – longitudinal–transverse (LT ),
• h11, h10, h00 – longitudinal–longitudinal (LL).
However, in empty space (Tµν = 0), LT and LL–waves do not lead to a deviation from the flat Minkowski space-
time and can be eliminated by additional coordinate transformations [2]. Also, one has three possible polarizations for
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2TT -waves, namely h23, h22−h33 and h22+h33. However, equations (2) in empty space lead to condition h22+h33 = 0,
and, thus, transverse-traceless gravitational waves with only two polarizations h23 and h22−h33 can propagate, which
corresponds to so called transverse-traceless gauge [5].
Nevertheless, one can consider the possibility of the existence of coupled states of electromagnetic and gravitational
waves for which LT and LL–types of the metric perturbations are non-zero and h22 + h33 6= 0 on the basis of
Einstein-Maxwell equations written in a general form.
The propagation of TT –waves with polarization h22 + h33 in the field of an electromagnetic wave was considered
earlier in the paper [28]. In [29–40], the possibility of generating gravitational waves during the propagation of a strong
electromagnetic wave in a constant magnetic field was considered, and in [30], the possibility of resonant excitation
of coupled longitudinal–transverse gravitational waves arising from the propagation of a strong electromagnetic wave
in vacuum, which with subsequent interaction lead to the generation of the third harmonic of the electromagnetic
wave. Such resonant excitation of the indicated gravitational wave is a consequence of the equality of the propagation
velocities of electromagnetic and gravitational waves, and therefore it is possible to fulfill the synchronism conditions
at large distances. As shown by estimates of recent direct observations of gravitational waves, synchronism is carried
out up to the 15th sign [9]. It is physically clear that such a connected longitudinal-transverse gravitational wave
should also arise for the case of a strong standing electromagnetic wave. Also, the existence of the additional modes
in the framework of General Relativity as evanescent gravitational waves similar to ones in acoustics and optics is
discussed in [41].
The purpose of this paper is the analysis of gravitational waves coupled with an electromagnetic wave, otherwise, the
gravi-electromagnetic ones and their further transformation into TT –gravitational waves in vacuum after absorption
of an electromagnetic wave.
The article is organized as follows: in section II we describe the coupled gravitational waves induced by electromag-
netic field on the basis of Einstein-Maxwell equations. In section III we consider such a gravitational waves coupled
with a propagating strong electromagnetic wave and their transformation during the absorption of an electromagnetic
wave. Section IV discusses the generation of gravitational waves through a standing electromagnetic wave. In section
V, we calculate the characteristics of gravitational waves induced by two standing electromagnetic waves, which makes
it possible to generate low-frequency gravitational waves at the difference frequency. In conclusion, the results of this
study are discussed.
II. DESCRIPTION OF A COUPLED GRAVITATIONAL WAVE
To describe a coupled plane gravitational wave propagating in the direction x1 = x, we will use the Einstein-Maxwell
equations describing the gravitational field corresponding to the electromagnetic one
Rµν − 1
2
gµνR =
8piG
c4
Tµν , (3)
Also, we note that for any electromagnetic field, the scalar curvature R = 0 [3].
The components of the energy-momentum tensor of electromagnetic field in vacuum can be written as [3]
T00 =
1
8pi
(
E2 +H2
)
, (4)
T0k = Tk0 = − 1
4pi
[E×H]k = − 1
4pi
εkijEiHj , (5)
Tij = − 1
4pi
[
EiEj +HiHj − 1
2
δij
(
E2 +H2
)]
, (6)
where i, j, k = 1, 2, 3, εkij is the Levi-Civita symbol and δij is the Kronecker one.
For a plane electromagnetic wave propagating in the direction x1 = x in the general case (including the case of
propagating and standing electromagnetic waves), the components of the energy-momentum tensor have the following
form: T00 = T11, T01 = T10 and T22 = −T33 (for propagating electromagnetic wave one has T22 = −T33 = 0). The
remaining components of the energy-momentum tensor Tµν are equal to zero.
Also, the momentum energy tensor must satisfy the conservation laws
∂T µν
∂xν
= 0. (7)
The Ricci tensor can be written as
Rµν = g
σρRσµρν , (8)
3where the Riemann tensor for the case of a weak gravitational field is
Rσµρν =
1
2
(
∂2hσν
∂xµ∂xρ
+
∂2hµρ
∂xσ∂xν
− ∂
2hσρ
∂xµ∂xν
− ∂
2hµν
∂xσ∂xρ
)
. (9)
Thus, the Einstein-Maxwell equations (3) for the case of the propagation of a plane gravitational wave in the
direction x1 = x have the following form
−∂
2h11
c2∂t2
+ 2
∂2h01
c∂t∂x
− ∂
2h00
∂x2
+
∂2h22
c2∂t2
+
∂2h33
c2∂t2
=
16piG
c4
T00, (10)
∂2h11
c2∂t2
− 2 ∂
2h01
c∂t∂x
+
∂2h00
∂x2
+
∂2h22
∂x2
+
∂2h33
∂x2
=
16piG
c4
T11, (11)
∂2h22
c∂t∂x
+
∂2h33
c∂t∂x
=
16piG
c4
T01, (12)
∂2h22
∂x2
− ∂
2h22
c2∂t2
=
16piG
c4
T22, (13)
∂2h33
∂x2
− ∂
2h33
c2∂t2
=
16piG
c4
T33, (14)
where the condition h01 = h10 was used.
Addition of (10) and (11) gives
∂2h˜
c2∂t2
+
∂2h˜
∂x2
=
32piG
c4
T00, (15)
and addition (13) and (14) leads to
∂2h˜
∂x2
− ∂
2h˜
c2∂t2
= 0, (16)
where
h˜ = h22 + h33 (17)
Then, taking into account (15)–(17), the system of equations (10)–(14) can be written as
∂2h11
c2∂t2
− 2 ∂
2h01
c∂t∂x
+
∂2h00
∂x2
= 0, (18)
∂2h˜
c2∂t2
+
∂2h˜
∂x2
=
32piG
c4
T00, (19)
∂2h˜
∂x2
− ∂
2h˜
c2∂t2
= 0, (20)
∂2h˜
c∂t∂x
=
16piG
c4
T01, (21)
∂2h22
∂x2
− ∂
2h22
c2∂t2
=
16piG
c4
T22, (22)
∂2h33
∂x2
− ∂
2h33
c2∂t2
=
16piG
c4
T33. (23)
It follows from equation (18) that the determination of the components of tensor h00, h01 = h10 and h11 from
the system of equations (18)–(23) is impossible without additional conditions. Such an additional conditions can be
obtained from the harmonic gauge, which has the following form
∂
∂xν
(
hνµ −
1
2
δνµh
)
=
∂
∂xν
(
ηνσhσµ − 1
2
δνµh
)
= 0, (24)
where
h = h00 − h11 − h22 − h33 = −(h22 + h33) = −h˜, (25)
4for h00 = h11.
For the case under consideration, equation (24) for ν = 0 and ν = 1 gives
∂
c∂t
(
h00 +
1
2
h˜
)
− ∂h01
∂x
= 0, (26)
− ∂
∂x
(
h11 − 1
2
h˜
)
+
∂h01
c∂t
= 0. (27)
The system of equations (18)–(23) together with (24) allows us to calculate the tensor components h00, h01 = h10,
h11, h22, h33 and the sum h˜ = h22 + h33. It should be noted, that the components h22 and h33 due to equation (16)
are determined up to a satisfactory harmonic gauge of function h˜.
Thus, the non-zero components of gravitational waves coupled with an electromagnetic wave in this case are LL–
waves and TT –waves with polarization h22 + h33 6= 0. Therefore, one can consider such a gravitational waves as
longitudinal-transverse ones.
III. PROPAGATION OF A STRONG ELECTROMAGNETIC WAVE IN A VACUUM
Let a plane harmonic electromagnetic wave be emitted from a point x = 0 in the direction of the axis x1 = x. Such
a wave can be described by following expressions for the electric and magnetic fields
Ey = E0 cos
(
ω
(
t− x
c
))
, (28)
Hz = H0 cos
(
ω
(
t− x
c
))
, (29)
where E0 = H0.
For the case, from expressions (4)–(6) one has following non-zero components
T00 = T11 =
1
8pi
(
E2 +H2
)
, (30)
T01 = T10 = − 1
4pi
EyHz. (31)
After substituting (28)–(29) into (30)–(31) we obtain
T00 = T11 =
E20
8pi
[
1 + cos
(
2ω
(
t− x
c
))]
, (32)
T01 = T10 = −E
2
0
8pi
[
1 + cos
(
2ω
(
t− x
c
))]
, (33)
therefore, one can consider the components of the energy-momentum tensor as sums of variable and constant parts.
Such an energy-momentum tensor satisfies the conservation laws (7) for a weak gravitational field
µ = 0,
∂T 00
∂x0
+
∂T 01
∂x1
=
∂T00
c∂t
− ∂T01
∂x
= 0, (34)
µ = 1,
∂T 10
∂x0
+
∂T 11
∂x1
= −∂T10
c∂t
+
∂T11
∂x
= 0. (35)
The general solutions of the equations (18)–(23) with the energy-momentum tensor (32)–(33) for the components
h22 + h33 can be noted as
h22 + h33 = − GE
2
0
2c2ω2
cos
(
2ω
(
t− x
c
))
+
GE20
c2
(
t− x
c
)2
+ c1x+ c2t+ c3, (36)
where c1, c2 and c3 are the constants of integration.
This solution contains the periodic and aperiodic parts that are induced by the variable and constant parts of the
energy-momentum tensor, respectively.
Also, we note that these solutions were obtained earlier in Eddington’s work [28]. Following this work, we consider
c1 = c2 = 0 (one can also use the condition c3 = 0 as well) and write the aperiodic part of the solution as
h˜ = h22 + h33 =
GE20
c2
(
t− x
c
)2
. (37)
5By a similar way, taking into account (26)–(27), one can obtain the aperiodic parts of the solutions for the other
components
h00 = h11 = −GE
2
0
c2
t
(
t− x
c
)
, (38)
h01 = h10 =
GE20
c2
t
(
t− x
c
)
. (39)
The aperiodic part (37) indicate that field is undergoing a cumulative change. Such a part of wave do actually
carry away energy from the source and it is non negligible quantity in the approximation of small field (1). As shown
in [28], the gravitational field coupled with the electromagnetic wave can be associated with the periodic part of the
solution (36) only.
Therefore, we will consider the periodic solutions of the Einstein-Maxwell equations (10)–(14) which associated
with the variable part of the energy-momentum tensor for the description of such a gravitational waves.
Thus, one can write the gravitational wave solutions of equations (18)–(23) and (26)–(27) for the energy-momentum
tensor with non-zero components (32)–(33) as follows
h00 = h11 = −GE
2
0
2c3ω
x sin
(
2ω
(
t− x
c
))
, (40)
h01 = h10 =
GE20
2c3ω
x sin
(
2ω
(
t− x
c
))
, (41)
h˜ = h22 + h33 = − GE
2
0
2c2ω2
cos
(
2ω
(
t− x
c
))
. (42)
From these formulas, we can write expressions for the tensor components h22 and h33 in the following form
h22 = −αGE
2
0
2c2ω2
cos
(
2ω
(
t− x
c
))
, (43)
h33 = −βGE
2
0
2c2ω2
cos
(
2ω
(
t− x
c
))
, (44)
where α and β are arbitrary constants satisfying the condition α + β = 1. From the symmetry and equality of axes
x2 = y and x3 = z one can define these constants as α = β = 1/2.
The gravitational wave energy flux density takes the form
ct01 = − c
5
32piG
(
∂h00
∂x0
∂h00
∂x1
− ∂h10
∂x0
∂h01
∂x1
− ∂h01
∂x0
∂h10
∂x1
+
∂h11
∂x0
∂h11
∂x1
+
∂h22
∂x0
∂h22
∂x1
+
∂h33
∂x0
∂h33
∂x1
)
. (45)
Substitution of expressions (40)–(44) into (45) gives
ct01 =
GE40
32picω2
(
α2 + β2
)
sin
(
2ω
(
t− x
c
))
=
GE40
64picω2
sin
(
2ω
(
t− x
c
))
. (46)
It should be noted here that the first four terms in parentheses in expression (45) add up to zero in total.
We also note that when substituting solutions (40) and (41) into the equation for a strong electromagnetic wave, the
generation of a weak electromagnetic wave at the third harmonic occurs, which was predicted in [34]. This, along with
the presence of energy flux density, indicates the existence of longitudinal-transverse electromagnetic waves associated
with the electromagnetic wave.
A separate task is to solve the problem of docking the boundary conditions at the surface of the area occupied
by a coupled gravitational waves and an empty space in which this type of gravitational waves cannot exist. Let a
strong electromagnetic wave be completely absorbed on the surface with a coordinate x = L. Assuming that at this
boundary the condition of conservation of the energy flux density of the gravitational wave is fulfilled, one can find
the tensor components h22 = −h33 describing the gravitational wave in empty space
h22 = −h33 = ±GE
2
0
√
α2 + β2
2
√
2c2ω2
cos
(
2ω
(
t− x
c
))
, (47)
and for α = β = 1/2 one has
h22 = −h33 = ± GE
2
0
4c2ω2
cos
(
2ω
(
t− x
c
))
. (48)
In this case it is not possible to determine the sign in these formulas and, thus, it can be either positive or negative.
On the basis of the above results, it can be concluded that an electromagnetic wave propagating in a vacuum can
generate a transverse gravitational wave with the polarization h22 − h33 in empty space when it is absorbed.
6IV. GENERATING OF A GRAVITATIONAL WAVE BY A STANDING ELECTROMAGNETIC WAVE
In the paper [42], a description was made of the excitation of a coupled longitudinal transverse wave by a standing
electromagnetic wave in unlimited space. Let a plane standing electromagnetic wave be in the Fabry-Perot resonator
between the mirrors located at the points of the axis x = −L/2 and x = L/2, where L is the length of the resonator.
Then we can write the expressions for the electric and magnetic fields in this wave
Ey = E0 cos
(
ω
(
t− x
c
))
+ E0 cos
(
ω
(
t+
x
c
))
, (49)
Hz = H0 cos
(
ω
(
t− x
c
))
−H0 cos
(
ω
(
t+
x
c
))
, (50)
where E0 = H0.
On the basis of equations (4)–(6), we write the expressions for non-zero components of the energy-momentum tensor
as
T00 = T11 =
E20
8pi
[
2 + cos
(
2ω
(
t− x
c
))
+ cos
(
2ω
(
t+
x
c
))]
, (51)
T01 = T10 = −E
2
0
8pi
[
cos
(
2ω
(
t− x
c
))
− cos
(
2ω
(
t+
x
c
))]
, (52)
T22 = −T33 = −E
2
0
2pi
[
cos
(
2ω
(
t− x
c
))
cos
(
2ω
(
t+
x
c
))]
. (53)
For components (51) and (52), conservation laws (34) and (35) are satisfied, and for expression (53) the fulfillment of
conservation laws is obvious, due to independence T22 and T33 from variables x
2 = y and x3 = z.
The system of equations (19), (21), (26) and (27), taking into account only the solutions describing the wave process,
allows us to find the solutions in the following form
h00 = h11 = −GE
2
0
2c3ω
(
L
2
+ x
)
sin
(
2ω
(
t− x
c
))
− GE
2
0
2c3ω
(
L
2
− x
)
sin
(
2ω
(
t+
x
c
))
, (54)
h01 = h10 =
GE20
2c3ω
(
L
2
+ x
)
sin
(
2ω
(
t− x
c
))
− GE
2
0
2c3ω
(
L
2
− x
)
sin
(
2ω
(
t+
x
c
))
, (55)
h˜ = h22 + h33 =
GE20
2c2ω2
cos
(
2ω
(
t− x
c
))
− GE
2
0
2c2ω2
cos
(
2ω
(
t+
x
c
))
, (56)
and the system of equations (22) and (23), taking into account (53) and (56), allows us to write
h22 =
2GE20
c2ω2
[
sin
(
2ω
(
t− x
c
))
sin
(
2ω
(
t+
x
c
))]
− αGE
2
0
2c2ω2
[
cos
(
2ω
(
t− x
c
))
+ cos
(
2ω
(
t+
x
c
))]
, (57)
h33 = −2GE
2
0
c2ω2
[
sin
(
2ω
(
t− x
c
))
sin
(
2ω
(
t+
x
c
))]
− βGE
2
0
2c2ω2
[
cos
(
2ω
(
t− x
c
))
+ cos
(
2ω
(
t+
x
c
))]
. (58)
In obtaining formulas (54)–(58), it was assumed that the gravitational wave is not reflected from the mirrors of the
Fabry-Perot resonator.
The density of the energy flow of the gravitational wave, calculated by the formula (45), taking into account the
expressions (54), (55), (57) and (58) gives
ct01 =
GE40
64picω2
[(
L
2
− x
)
sin
(
2ω
(
t− x
c
))
cos
(
2ω
(
t+
x
c
))
−
(
L
2
+ x
)
cos
(
2ω
(
t− x
c
))
sin
(
2ω
(
t+
x
c
))]
+
GE40
2picω2
sin (2ωt) sin
(
2ωx
c
)
+
GE40
32picω2
(α2 + β2) sin
(
2ω
(
t− x
c
))
− GE
4
0
32picω2
(α2 + β2) sin
(
2ω
(
t+
x
c
))
. (59)
If we take into account only the flux density of the gravitational wave (59), propagating in the positive direction of
the axis x1 = x, then the energy flux density of the gravitational wave in empty space for x > L/2 will be described
by formula (46), and the tensors h22 = −h33 will be described by expressions (47) and (48).
7V. GENERATING OF A GRAVITATIONAL WAVES AT A DIFFERENCE FREQUENCY
Let the Fabry-Perot resonator simultaneously contain two strong standing electromagnetic waves with close fre-
quencies ω1 and ω2 (for definiteness, we assume that ω1 > ω2), which are described by the formulas
Ey = E1
[
cos
(
ω1
(
t− x
c
))
+ cos
(
ω1
(
t+
x
c
))]
+ E2
[
cos
(
ω2
(
t− x
c
))
+ cos
(
ω2
(
t+
x
c
))]
, (60)
Hz = H1
[
cos
(
ω1
(
t− x
c
))
− cos
(
ω1
(
t+
x
c
))]
+H2
[
cos
(
ω2
(
t− x
c
))
− cos
(
ω2
(
t+
x
c
))]
, (61)
where E1 = H1 and E2 = H2.
We write the expressions for the components of the energy-momentum tensor for the terms on the difference
frequency ω˜ = ω1 − ω2 only as follows
T˜00 = T˜11 =
E1E2
4pi
[
cos
(
ω˜
(
t− x
c
))
+ cos
(
ω˜
(
t+
x
c
))]
, (62)
T˜01 = T˜10 = −E1E2
4pi
[
cos
(
ω˜
(
t− x
c
))
− cos
(
ω˜
(
t+
x
c
))]
, (63)
and the remaining components of this tensor are equal to zero.
Substitution of expressions (62) and (63) into the system of equations (19), (21), (26) and (27) gives
h00 = h11 = −4GE1E2
c3ω˜
(
L
2
+ x
)
sin
(
ω˜
(
t− x
c
))
− 4GE1E2
c3ω˜
(
L
2
− x
)
sin
(
ω˜
(
t+
x
c
))
, (64)
h01 = h10 =
4GE1E2
c3ω˜
(
L
2
+ x
)
sin
(
ω˜
(
t− x
c
))
− 4GE1E2
c3ω˜
(
L
2
− x
)
sin
(
ω˜
(
t+
x
c
))
, (65)
h˜ = h22 + h33 = −4GE1E2
c2ω˜2
cos
(
ω˜
(
t− x
c
))
− 4GE1E2
c2ω˜2
cos
(
ω˜
(
t+
x
c
))
, (66)
After representing the components h22 and h33 as
h22 = −4αGE1E2
c2ω˜2
[
cos
(
ω˜
(
t− x
c
))
+ cos
(
ω˜
(
t+
x
c
))]
, (67)
h33 = −4βGE1E2
c2ω˜2
[
cos
(
ω˜
(
t− x
c
))
+ cos
(
ω˜
(
t+
x
c
))]
. (68)
and performing transformations similar to (46) and (47), we find the components h22 = −h33 in empty space for
x > L/2 in the following form
h22 = −h33 = ±4GE1E2
√
α2 + β2√
2c2ω˜2
cos
(
ω˜
(
t− x
c
))
, (69)
and for α = β = 1/2 we finally obtain
h22 = −h33 = ±2GE1E2
c2ω˜2
cos
(
ω˜
(
t− x
c
))
. (70)
A fundamental feature of the obtained solution (69) from (47) is the possibility of generating the low-frequency
gravitational waves with ω˜ ≪ ω1,2 by means of a high-frequency standing electromagnetic waves.
VI. CONCLUSION
In this paper, we investigated a bound states of electromagnetic and gravitational waves based on Einstein-Maxwell
equations. The gravitational-wave part of these states included both the longitudinal and transverse components,
which were transformed into transverse gravitational waves in vacuum after absorption of an electromagnetic wave.
Thus, the coupled gravitational waves exist in empty space when electromagnetic waves propagate in it. This, in
particular, leads to the fact that, in addition to transverse gravitational waves arising from merging or due to rotation
of the astrophysical objects, such a gravitational waves will be generated and propagated along with electromagnetic
radiation accompanying these processes.
8The subsequent analysis of a such bound states confirms the possibility of the existence of longitudinal-transverse
gravitational waves coupled with a strong propagating and standing electromagnetic waves as well, which form free
transverse gravitational waves in empty space.
It was also received, that two standing electromagnetic waves in the Fabry-Perot resonator having close frequencies
lead to the emission of transverse gravitational waves at the difference frequency. The analysis of the possibility of
generating and detecting coupled gravitational waves allows us to move on to the creation of experimental facilities
and to conduct preliminary measurements on them.
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